We consider a Randall-Sundrum gravitational background with a ghost SO(1, N) Yang-Mills sector. The gauge fields are chosen to be compatible with 4-dimensional isotropy and homogeneity and are present in the bulk and in the boundary branes as well. Using a similar procedure to Goldberger and Wise we obtain an effective potential for the compactification radius. Upon minimizing that potential we obtain a suitable interval for the stabilization radius range. We investigate the validity of our approach, establishing that the gauge sector must be in a strong coupling regime at classical level. This agrees with the results by Dubovsky and Rubakov concerning the localization of gauge fields for co-dimension 1. We further claim that our scenario for the stabilization of the compactification radius is stable.
Introduction
Randall-Sundrum brane-world scenarios [1, 2] consist of 5-dimensional gravitational solutions in a orbifolded topology M 5 = M 4 × [y 1 , y 2 ] with a non-factorizable geometry. M 4 is a warped Minkowski space and the internal coordinate y ∈ [y 1 , y 2 ] is compact. The orbifold planes M 4 (y 1 ) and M 4 (y 2 ) are the boundaries of M 5 and are usually called branes in these scenarios. Such scenarios became very popular due to (i) offering a possible solution for the hierarchy problem between the effective 4-dimensional fundamental energy scales and (ii) for being a string/M-theory motivated model [3, 4] that could provide some insights on the low dimension string/M-theory framework. In their original work, Randall and Sundrum [1] considered an internal finite compact dimension. The effective Planck Mass M P l and Standard Model masses m of the 4-dimensional theory are obtained from the fundamental masses M and m 0 by the relations M 2 P l = M 3 /k[1 − e −2k rcπ ] and m = e −2k rcπ m 0 , which requires only a small hierarchy between k, M and r c . This framework raised other problems, namely the stability and dynamics of the brane-world. The stabilization of the compactification radius (moduli) was investigated by Goldberg and Wise in [5] , where a bulk scalar field played a fundamental role in the stabilization mechanism. A compactification radius dependent on the internal coordinate is commonly known as radion and several other works studied this issue [6] (see references therein as well), some publications suggesting more generic cosmological time-dependent backgrounds [7, 8] . The stability of the overall setup was also analysed in more theoretical grounds, proposing new ansatze to solve this problem [9] .
In this paper we propose a Randall-Sundrum scenario of type I [1] where a ghost YangMills gauge field is present both in the bulk and boundary branes. Demanding the gauge field to be compactible with isotropy and homogeneity of the 4-dimensional space-time results in having an effective scalar field theory For the non-Abelian gauge field, we use the most generic group compatible with homogeneity and isotropy, that is SO(1, N). We will take a static ansatz based on the ones introduced in [10, 11] . Our setup will allow to stabilize the compactification radius using a procedure based on the Goldberger and Wise [5] proposed stabilization mechanism. Ghost fields were introduced in cosmology by Linde [12] and have been recently addressed both as a way to cancel matter contribution to the cosmological constant [13] and also as a way to stabilize setups with negative tension branes [14] . Due to the opposite sign the ghost fields constitute a negative energy contribution to the Hamiltonean which can raise some problem upon quantization (one way out is to consider anticommutation relations, hence the name ghost). In this work the ghost sector is treated classically and as we consider it to be in a strong coupling regime the problem of a perturbative description is not relevant.
Bulk matter scalar fields in Randall-Sundrum scenarios have been considered since the work of Goldberger and Wise [15] . The scope of matter fields considered was enlarged with bulk Abelian gauge fields, see e.g. [16] (see also refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ). In particular, bulk YangMills fields have become popular in recent years 3 as a way of implementing the Higgsless Standard-Model in brane worlds [37] [38] [39] [40] , where the gauge symmetry breaking is achieved by a combination of Neumann and Dirichlet boundary conditions at the boundary branes (in more precise terms, branes are explicity interpreted in this framework as 4-dimensional boundaries of the full 5-dimensional manifold). Moreover, boundary brane Yang-Mills have been the subject of several studies that addressed the localization of gauge fields on the branes (see for instance [41, 42] and references therein). The use of more generic brane-world descriptions such as non-Abelian Born-Infeld action (see [43, 44] and references therein) expanded to second order, further increased the interest and popularity of the Yang-Mills action in the branes. At a more theoretical level, based in the Horawa-Witten scenario [3] , an effective 5-dimensional effective heterotic M-theory was obtained in [4] where E 6 and E 8 gauge fields live on the boundary. For both a bulk and boundary Yang-Mills setup we refer the reader to [40] .
Regarding the methodology we employ in this paper, the following should be noted. In technical terms we are going to interpret the branes as boundaries [37] [38] [39] [40] and work at the level of effective theories [10, 11] , instead of using the full Einstein and Yang-Mills equations of motion. This means that after using a suitable ansatz for the non-Abelian gauge fields we obtain an effective Yang-Mills action. Our approach is thus to vary the obtained total effective action with respect to the fields of the particular ansatz we are using (see for instance [10] ). However, this particular framework raises the following issue: once we have an effective action (in a brane-world configuration) we usually get total derivatives in the action which do not contribute to the bulk equations of motion and must be integrated out to the boundary. Moreover, also when computing the bulk equations of motion there are induced terms on the boundary which must be properly taken in account when computing the boundary equations of motion. In this particular framework the boundary equations of motion are considered simply boundary conditions for the bulk fields [37] [38] [39] [40] . For consistency, we proceed in this manner for both the gravitational and Yang-Mills sector, employing a framework of effective actions in spaces with boundaries, through the use of particular forms for the space-time metric and Yang-Mills fields.
The more common procedure (and in particular for Randall-Sundrum) would be to work with the generic Einstein equations in the bulk containing the localized actions of the branes (implemented with a Dirac-delta) and to derive the boundary equations of motion as junction conditions. In order to do so one integrates the full equations of motion in a neighbourhood of the branes (boundaries) and then take that neighbourhood to zero. However, in the present paper we have chosen to work instead in the framework of an effective action. This choice is due to the technical simplification of the treatment of the gauge sector.
This paper is then organized as follows. In section 2 we start by specifying the bulk and brane action and introducing the gravitational and gauge ansatze. We compute the gravitational and gauge equations of motion for each sector. In subsection 2.1 we rederive Randall-Sundrum gravitational solutions [1] . Our aim is both to review the formalism of effective actions with boundaries and to show the equivalence with the usual framework of dealing with the generic Einstein and matter field equations, with corresponding junction conditions at the boundary branes. In subsection 2.2 we address the Yang-Mills equations. In section 3 we compute the effective potential and from its minima we determine the stabilization radius. In subsection 3.1 we compute the allowed boundary conditions and in subsection 3.2 we obtain the effective potential for b (the radius for the extra dimension) and compute b min that minimizes it. In subsection 3.3 we discuss the conditions for our approach to be valid. Finally in section 4 we summarize the results herein obtained and point out possible future research directions.
Action, Ansatz and Equations of Motion
Let us consider a Randall-Sundrum model [1, 2] with a bulk and two branes in the presence of non-Abelian gauge fields. We start with a 5-dimensional orbifolded topology of the form M 5 = M 4 × [y 1 , y 2 ] where M 4 stands for 4-dimensional warped Minkowski space and the internal coordinate y ∈ [y 1 , y 2 ] is considered compact such that the orbifold points are at y = y 1 and y = y 2 .
We have a bulk action plus the action for two boundary 3-branes
The bulk action describes a Einstein-Yang-Mills theory
where the gravitational action is
and the SO(1, N) Yang-Mills action is
For the brane actions we consider for the gravitational sector the usual self energy (tension) term for branes according to Randall-Sundrum plus a gauge sector described by a Yang-Mills theory:
Here I, J = 0, 1, 2, 3, y and µ, ν = 0, 1, 2, 3. The hats denote 5-dimensional quantities.
A ∧ A is the usual connection for the gauge fields. In addition, b i with i = 1, 2 identify the two branes at the orbifold fixed points.
Randall-Sundrum Setting
Pure gravity is considered in an orbifold with the identification in the fifth dimension y → −y. Moreover the fifth coordinate is considered compact with compactification radius b = r c . For the metric we take a Randall-Sundrum ansatz for a warped flat Minkowski M 4 6) where the Einstein convention for the summations of repeated indices is used. Then the y coordinate stands for a orbifolded compact angular coordinate such that the orbifold fixed points are y 1 = 0 and y 2 = π and the identification y ∼ = y + 2π holds. Generally, b is a gravitational bulk degree of freedom and can be coordinate dependent, the so called radion [6] . Here, as in the original work of Randall-Sundrum [1] , we consider b to be a constant, the compactification radius. Therefore, it is not a dynamical field and only imposes a constraint which is obtained by varying the action with respect to b. Hence, integrating the x µ dependence we obtain the effective actions in the bulk
(2.7)
and at the boundary 8) where the prime ( ′ ) denotes derivation with respect to y (d/dy),Λ i is the self-energy of the branes and V 4 stands for the regularized volume of the 4-dimensional flat Minkowski space. The second term in (2.8) is due to an integration by parts of a total derivative contained in the bulk curvature
More specifically, upon integration of the last term, we obtain two terms at the integration limits y 1 and y 2 with opposite signs, such that with ǫ 1 = −1 and ǫ 2 = +1 we reproduce the integral
We note that the extra factor of 2 in the boundary effective action is due to the orbifold construction: we have a contribution at the boundaries from the left and from the right side (which are identified under the orbifold). This is the formalism present in ref. [37] [38] [39] [40] , transferred here to a gravity sector with metric (2.6).
Let us comment on the boundary actions and in particular on the extra term at the boundary. As it can be explicitly checked, for a static configuration dependent on y only, the boundary action does not actually holds any degree of freedom. In particular the equations of motion at the boundary are simply boundary conditions for the bulk fields and are obtained by varying the boundary actions solely with respect to K. Moreover neither b nor K ′ are degrees of freedom at the boundary, they are taken effectively at most as currents (in our case they are simply constants since our ansatz is y dependent only). Therefore the term containing K ′ corresponds to a shift on the self energy and with out loss of generality we can rewrite the boundary action only with a self energy term
obtaining the standard Randall-Sundrum brane action.
Varying now the bulk action with respect to K and b we obtain respectivelly 11) to which corresponds only one independent equation, namely (
The equation for K in the bulk is inconsequent, since summing the previous equation to its derivative multiplied by 4 we obtain the equation of motion for K. Actually b is imposing a constraint which is equivalent to the equation of motion. Nevertheless upon varying the bulk action with respect to K we also induce a boundary variation that has to be taken in consideration.
From the bulk variation of the (K ′ ) 2 term we obtain a boundary variation
where one factor of 2 is due to the (K ′ ) 2 being a square and the other factor of 2 is due to having two contributions, from the left and right side of the brane. Therefore varying the boundary action with respect to K and taking in account the induced variation we obtain the boundary conditions 2 . We again stress that we indeed have two contributions from the left and right sides of the boundary brane, due to the orbifolding construction they have the same sign. In more detail: we have the identifications K(y) = K(−y) and
i ) but when performing an integral in the bulk the lower limit on the right side of the boundary brane is the upper limit of integration on the left side of the boundary brane, so they contribute with opposite signs, therefore cancelling the different signs of the orbifold identifications of K ′ . We note that this is equivalent to the derivation of the junction conditions used in brane worlds [1, 45, 46] . Here we cast them directly as boundary conditions which are obtained from the variation of the boundary actions.
The bulk equations of motion have as expected the usual Randall-Sundrum solutions compatible with the orbifolding: 14) for y ∈ [−π, π]. Note that after the orbifolding, the fifth coordinate is actually restricted either to the interval y ∈ [−π, 0] or y ∈ [0, π], although when considering the boundaries one must consider both sides of the orbifold. The only jumps in K ′ and K ′′ are therefore at the boundaries and the boundary conditions impose as usual that
Hence, we rederived the well known Randall-Sundrum solutions in a framework of effective gravity actions in manifolds with boundaries for the ansatz (2.6). In the next subsection we follow the same procedure for an SO(1, N) Yang-Mills.
Yang-Mills Settings in a Randal-Sundrum Background
Regarding the gauge sector we consider a static ansatz for the gauge field compatible with 4-dimensional space-time homogeneity and isotropy. For a static ansatz this accounts for having the gauge fields depending only on y. The most generic SO(1, N) gauge field static ansatz compatible with the space-time symmetries is [10, 11] 16) where τ represents the SO(1, N) generators, χ = (χ 0 , χ y , χ m ) is a vector and χ 3 and A 0 are scalars, all depend only on y. The indices i, j, k run from 1 to 3, m, m ′ run from 5 to N and the N + 1 group indices µ = 0, i, y, m are raised and lowered using the Minkowski metric η = diag(−, +, +, . . .) with N "+" signs. For the above ansatz we obtain that 17) where prime ( ′ ) denotes derivation with respect to y. Taking an explicit representation of SO(1, N) (see [10, 11] ), substituting the above ansatzs (2.6) and (2.17) in the action (2.1) and integrating over the 3D spatial coordinates (x 1 , x 2 , x 3 ) we obtain an effective action of the form S
Y M . The bulk and boundary branes effective actions are 19) where V 3 stand for the regularized volume of the three dimensional flat Euclidean space,
is the usual covariant derivative (with respect to the gauge group) and V χ is the effective potential for the fields χ
where
m . For the purpose of our construction we use only an SO(1, 1) subgroup. Then we are going to further simplify our ansatz such that we have
This account for having A y = 0 and a particular simple choice for the form of A i that clearly obeys the Gauss law [10] 
for p = q running on the indices (0, m). Once the Gauss law is taken care we also consider the gauge choice A t = 0. In order to simplify the equations of motion and cast them in a more treatable form, and without loss of generality, we can work in a Cartan-frame, defining a time onebein e 0 such that 23) having the metric in the form
The only fields that are redefined are the ones with 4-dimensional indices of time, it is only the A t fields. We note that the form A is invariant such that the terms containing time indices satisfy the equation
Cartan 0 e 0 , which accounts for having A Cartan 0 = e k b |y| A t . This treatment is standard, if one wants to define the remaining elements of a complete fivebein it is enough to define e i = e −k b |y| dx i and e 4 = b dy. Given these remarks we obtain the simplified effective actions 26) where V 4 stand again for the regularized volume of the 4-dimensional flat Minkowski space and the potential for χ is simply
We proceed now to derive the Yang-Mills equations of motion. For χ we obtain
where δV χ /δχ = −(1 − χ 2 )χ/2. From the bulk variation of the (χ ′ ) 2 term, we have an induced boundary variation
that must be considered when computing the equations of motion at the boundary. In order to deal with the differential equations we are redefining y such that
where we defined the integration constant such that the orbifold fixed pointsỹ 1 = 0 and
are compatible with the orbifold. This means that y → −y also corresponds tõ y → −ỹ. Furthermore, in order to maintain the compactification identificationỹ ∼ =ỹ + T one must defineỹ by branches in intervals of y of length 2π. The new period of the coordinateỹ is now T = 2(e k b π − 1)/(k b). After changing coordinate y →ỹ we obtain the corresponding more treatable equations
and 32) where now the prime ( ′ ) denotes derivation with respect toỹ. Again we note that we have twice the induced terms at the boundary, from the left and from the right side of the brane.
From now on we will use the following notation for the the fields and respective derivatives at the two boundaries i = 1, 2:
Then at the branes we have the boundary equations of motion (in theỹ coordinate) 
Integrating it between −δ and +δ, then taking the limit δ → 0 and considering the Z 2 orbifold identifications χ(ỹ) = χ(−ỹ) and χ ′ (ỹ) = −χ ′ (−ỹ) we retrieve the already computed boundary equations of motion/junction conditions (2.34).
In order to further simplify the bulk equation (2.31) we can reduce it to a first order differential equation. Multiplying the equation by dχ/dỹ and integrating it we obtain 1 2 
which means that the constant of motion is proportional to the difference between the squares of the SO(1, 1) bulk magnetic fields components along the normal and parallel directions to the branes. Finally, let us point that the resulting effective potential (−b 2 V χ ) in (2.36) is negative unbounded from below and has a local basin for χ ∈] − 1, 1[ (see figure 1 ). We now address the issue of retrieving solutions solely for equation (2.36) (which is equivalent to equation (2.31)). The corresponding general solutions for the bulk equations of motion can be obtained for the several values of C B (we note that here oscilation and evolution of the bulk field χ(y) refers to y dependence, not time, our solutions are static):
• For C B = −b/8 the solution is a constant, it corresponds to the relative minimum of the potential −b 2 V χ .
• For C B = 0 we have generically three kind of solutions, either the field is constant χ(ỹ) = ±1, or the field goes from ±1 to ∓1 such that χ(ỹ) = ∓tanh(b(ỹ −ỹ 0 )/2) (χ(ỹ 0 ) = 0) or the field diverges to ±∞ at some pointỹ 0 such that χ(ỹ) = ∓coth(b(ỹ− y 0 )/2). For the first kind of solutions the field sits at the top of the potential −b 2 V χ , for the second kind the field runs inside the basin of the potential from one maximum to the other and for the third type of solutions the field is outside the basin.
, 0[ the field either is inside the basin and oscillates along y or is outside the basin and evolves along y to ±∞.
• For C B < −b/8 and C B > 0 the field always evolves along y to ±∞. However, with boundary branes at the orbifold points the picture is not quite the same. We can have matter at the branes. This matter act as localized (in y) sources for χ such that at the orbifold points we have a jump between equipotential points at the right and at the left of the brane. This is the standard formalism in brane worlds (see for instance equation (39) and discussion in [45, 46] ). We are not addressing these full solutions (with boundary branes at orbifolded points) in this work and postpone it to a forthcoming work [47] . For the purpose of this paper (the stabilization of the compactification radius) it is enough, and clearly a more treatable procedure, to deal simply with the allowed boundary conditions. Following [5] we proceed in the next section to derive from the action (2.25) (subject to the boundary conditions imposed by (2.34)) an effective potential V eff (b) for b and then, to find the value b min that minimizes that potential V eff (b).
Stabilization of the Compactification Radius
In this section we will present a moduli stabilization mechanism inspired in the GoldbergWise procedure in order to stabilise the size of the internal coordinate. We follow very closely the publication [5] with some minor technical alterations. The main difference is that, instead of a scalar field, the fields in our model correspond to the gauge fields in the bulk and boundaries (branes). At technical level we solve the boundary conditions nonperturbatively and obtain also a non perturbative expression for the effective potential of b. In this sense our expressions are exact.
First we note that the boundary values χ i and χ ′ i obey both the bulk and boundary equation of motions. In [5] the approach is to solve the bulk equations of motion, then to use those solutions in the junction conditions. Solving those junction conditions (see equations (9-10) of [5] ) the allowed boundary values for the fields and its derivatives are fixed (or equivalently the integration constants of the bulk solutions are fixed). Then the effective potential V eff (b) for b is obtained by replacing the full bulk solution in the action and integrating the dependence on the y coordinate. Then the minimum of V eff (b) is obtained. In the original paper the potential is treated perturbativelly, only the leading terms are considered when computing the minimum.
Herein, we will first solve the boundary equations of motion (2.34) and then replace the resulting solution in the bulk equation of motion (2.25), obtaining in this way the allowed expected boundary values χ i and χ ′ i . In order to integrate the y dependence of the action and obtain an effective potential for b, we use the bulk equation of motion (2.36) in the action (2.25). Then we perform a change of variables of integration from y → χ, so that we get a well defined integral expression on χ between χ 1 and χ 2 , the values of the field χ in the branes. This will be enough to obtain an effective potential V eff (b) for b. Then we minimize it numerically. We note that our expressions are exact. Also at a mathematical level we have a system of three differential equations, the bulk and the two boundary equations of motion. For a technical simplification, we choose to solve the boundary equations and ensure its compatibility with the bulk equation without fully solve the bulk equation which is not necessary in the scope of this work.
Allowed Boundary Conditions
We proceed to find the general solution for the boundary equations of motion (2.34). It is
where c i are integration constants to be determined. We must further ensure that the field χ obeys the bulk equations of motion together with those for the boundary conditions. Combining equation (2.31) with (2.34) and using the result (3.1) we compute the solutions for c i to be
The equation we are solving is −χ
is a solution of (2.34), any particular choice of c i 's that is a solution of a linear combination of (2.31) with (2.34) will necessarily be a solution of (2.31). Then we conclude that the corresponding values of the fields and its derivatives at the boundary are I :
These boundary values are fixed for each possible static configuration while the bulk field χ(ỹ) will vary as we change its value alongỹ from a value χ 1 at the boundaryỹ 1 to a value χ 2 at the boundaryỹ 2 . We note that in the following discussion when referring to the field χ rolling and oscillating we refer to varying in the y coordinate, these configurations are static and the boundary values χ i are also fixed for each value of the compactification radius r c = b. Only at the next subsection we will address the choice of the compactification radius that most minimizes the action. For solutions I to be real we obtain that b ≥ 4 and we note that the limiting cases b → 4 + and b → +∞ are allowed solutions corresponding, respectively, to χ i → 0 (c i → +∞) and
. Solutions II are valid for any b. Then from the equations of motion (bulk and boundary) we have that χ i are restricted to
For the above solutions C B is uniquely defined. In order to compute it we replace the χ i solutions at the boundaries (branes) in the first order bulk equation (2.36) . For solutions I we have a b dependent C B :
We note that although the value of C B is unbounded from above, χ i is always restricted to be inside the basin, moreover, since |χ i | < 1/ √ 3 the solutions for the bulk field χ(ỹ) must roll inside the basin and are not allowed to diverge to ±∞, even for C B > 0 (for the possible solutions see discussion in subsection (2.2)). We briefly describe the allowed solutions I between branes:
• For b = 4 we obtain the lower limit C B = −b/8 = −1/2 corresponding to χ i = 0, the bulk field χ(ỹ) = 0 is always a constant and sits at the minimum of the potential −b 2 V χ .
• •
In this kind of solutions the bulk field χ(ỹ) is inside the basin of the potential and can only roll once inside the potential basin from χ 1 to χ 2 = −χ 1 . We note that for this last kind of solutions the field is not allowed to oscillate more than once because it would either converge asymptotically (not reaching it on a finiteỹ) to χ = ±1 (for C B = 0), or escape from the basin converging to χ → ±∞ (for C B > 0, see figure 1 ).
Solutions II hold with C B = 0 always and corresponds to χ i = ±1 for any b. They correspond to the bulk field being a constant χ(ỹ) = ±1 and located at one of the maxima of the potential −b 2 V χ . We note that generally, as already mentioned (see discussion in subsection (2.2)), there are other possible non constant solutions for C B = 0 that asymptotically converge to χ = ±1, simply they do not converge in a finiteỹ. And even if we try taking the second brane to infinity (obtaining indeed χ 2 → ±1), our first brane is still fixed at the orbifold point atỹ 1 = 0 and our only choice for C B = 0 with χ 1 = ±1 is χ 1 = 1/ √ 7 obtained for b = 2 √ 7 (for solutions I). This value of b is clearly different from b → ∞, therefore we are left with the constant solution χ = ±1. As we will explicitly show in the next subsection these solutions are less favored than the solutions I.
The Effective Potential
We proceed now to compute the effective potential for the compactification radius b. Replacing the equations of motion for χ (2.36) in the action (2.25) we obtain
We can integrate theỹ dependence in order to get an effective action for b and minimize it following the Goldberger and Wise procedure. C B is a constant not depending onỹ, so we can perform the first term of the integration directly in the internal coordinateỹ. In order to integrate the second term (inside brackets) we use the square root of equation (2.36) to change the integration variable from y to χ. So we get
The ± before the integral comes from the square root of equation (2.36) and can be set by verifying if the field is increasing (+) or decreasing (−) whenỹ increases, we will return to this discussion later. As already discussed for solutions I and values b < 2 √ 7 we have two choices for the boundary values of χ: χ i . Either we choose χ 1 = χ 2 or χ 1 = −χ 2 . While for values b ≥ 2 √ 7, we have only one choice χ 1 = −χ 2 . Furthermore, we must address the case of solutions II with C B = 0 and any b, in which case we have only the allowed choice χ 1 = χ 2 = ±1.
We will address first solutions I with the choice χ 1 = χ 2 . For this choice the integral in χ is null since the integration limits are the same. Therefore we get, from the first term only of equation (3.7), an effective potential for b
where we used (2.30) such thatỹ 1 = 0 andỹ 2 = e k b π − 1. The potential for several values of k and the value of the minimizing b min as a function of k is plotted in figure 2 . We note that the value of stabilization b min ranges only from b = 4 for k < 0.31199 and b = 2 √ 7 for k → ∞ which indeed is the allowed interval of validity for the choice χ 1 = χ 2 . The values of C B range, respectively, from C B = −1/2 to C B = 0. We further note that the value of the potential minimum for these configuration is always negative and that for values of b > 2 √ 7 the potential grows exponentially with b. As for solutions II, with the only possibility being χ 1 = χ 2 = ±1 and C B = 0, we have that the action, hence the effective potential, is null: V eff (b) = 0. Therefore we conclude that solutions I constitute always more favored configuration than solutions II. It remains to analyse solutions I with the choice χ 1 = −χ 2 . In order to do so one needs to perform the integral on expression (3.7). The ± on (3.7) results in having always the negative χ i as the lower limit and the positive χ i as the upper limit. In other words: if we have χ 1 > 0 and χ 2 < 0 then χ ′ < 0 since when increasingỹ fromỹ 1 toỹ 2 , χ is decreasing (we have a − sign); and if we have χ 1 < 0 and χ 2 > 0 then χ ′ > 0 since when increasing y, χ is increasing (we have a + sign). We note that the definitions of χ ′ i in (3.3) also agree with this construction. Therefore we have the integral
where E(ϕ, m) is the Elliptic integral of the second kind and F (ϕ, m) is the Elliptic integral of the first kind. I(b) is always real and positive. We note that for a given k the b min for each of the configurations is not the same, the minimizing value of b for the case χ 1 = −χ 2 is the larger. When comparing the potentials computed for each of the b min (for fixed k), the one for the configuration χ 1 = χ 2 is always more negative, only in the limit k → 0 they converge to the same value. Therefore I(b) increases the value of the effective potential for 
min )
is the difference of the potential minimizing values at each k for solutions I with both possible configurations χ 1 = χ 2 and χ 1 = −χ 2 . We note that b
b and less favored in the sense that the action has a greater value. In figure 3 we show I(b) and the differences of the potential for both configurations χ 1 = χ 2 and χ 1 = −χ 2 . Clearly the lowest (greater negative) value for the potential is for solutions I with the configuration χ 1 = χ 2 . The solutions that minimize the effective potential for b corresponds to the field χ oscillating inside the potential basin of −b
2 V χ such that C B lies in the range
It remains to discuss in which conditions our approach is valid. We address this issue in the next subsection.
Validity of the Approach
It remains to investigate the validity of our approach, this means, for which cases is matter and gravity decoupled. The procedure of Goldberger and Wise [5] involved an inspection of the gravitational equations of motion and conclude that the matter stressenergy tensor T µν ought to be neglegible when compared to the contribution of the bulk cosmological constant term, in order for the therein results to be consistent.
In our study case, first we need to relate the 5-dimensional Mass PlanckM 3 and gauge couplingα with the 4-dimensional effective Mass Planck M 2 and gauge coupling constant α. For the gravitational sector we consider the well know result [1]
This result is obtained by integrating the y dependence on the full bulk equation. For the gauge sector we consider the same procedure (see equations (2.10-2.12) of [48] ). So we take a bulk gauge term F 2 (5) = F µν F µν + F µy F µy and integrate the y dependence for the F 2 (4) terms in the action 12) whereĝ µν = e −2b k |y| η µν , being η the flat 4-dimensional Minkowski metric. Then we can identify the relation between α andα gauge couplings
Working in the original coordinates t and y we obtain the two gravitational equations of motion 12M
(3.14)
and 12M
for K and b respectively (see (2.11) ). Here the prime ( ′ ) denotes derivation with respect to y. We want now to compare the gauge contribution with the cosmological constant contribution. In order to do so we make a transformation of coordinates from y →ỹ as given by equation (2.30) . On the new coordinates and considering the equation of motion for χ in the bulk (2.36), the gauge term in equation (3.15) reads −C B /α. As for equation (3.14) we note that also from (2.36) we have that
This result can be obtained by noting that after stabilization C B is always negative in the range (3.10) and that the equation of motion for χ in the bulk (2.36) is an harmonic oscillator (on the y coordinate) on the effective potential −b 2 V χ such that the maximum for the derivative term is at the bottom of the potential V χ=0 = 1/8 (see figure 1) .
Therefore, the gauge contribution given by the right hand side of the gravitational equation of motion is negligible when compared to the bulk cosmological constant contribution whenever
where we used relation (3.13) . For the range y ∈ [0, π] we can define the upper bound
where we used solution (2.14) for K. Then, using equation (2.14) to restore the explicit dependence of Λ B on k, we rewrite equation (3.17) as
The right hand side (evaluated at b = b min ) is ploted in figure 4 . In this way the Yang- Mills coupling constant will have a lower bound set by the energy scale k. It will increase exponentially for large values of k and also diverges for k → 0. The lower value is 36.9616 corresponding to k = 0.0327178 and b min = 4. Let us briefly comment the effect of perturbations on b around b min obtained from graphical analysis. For very small k (k ≪ 1), perturbations can be as big as δb < 0.4 without changing the value of the lower bound (3.19) . For k ∼ 1 and k ≫ 1 any perturbation will significantly change the lower bound for the coupling constant because, for a given fixed k, the lower bound (3.19) will grow exponentially with b.
Concerning now the stability of the setup, we note that the reality conditions on solutions (3.3) impose that b ≥ 4 always. Furthermore, and using a mechanical analogy, because the effective potential for b given by (3.8) grows exponentially with b (for b > 2 √ 7), the energy required to take b away from b min also grows exponentially with the perturbation (on b). In particular:
• For k ≫ 1 the minimum of the potential is very accentuated (see figure 2) . Based on these arguments we conclude that for large values of k (k ≫ 1) the setup is stable (see figure 2(a) ). As an example take k = 10 which holds approximately the hierarchy relations of [1] (b min = 5.25959 such that k b min ∼ 50). The energy necessary to take b out of the potential minimum would be of order 10 68 GeV (this value grows rapidly with k, for k = 100 it requires 10 715 GeV ). But even if that energy is available, then increasing b to values greater than 2 √ 7 would require a further enormous amount of energy (∼ e k b π ), while to decrease b not so much energy is necessary. But the lower limit for b is 4 from reality conditions (see (3. 3) and discussion after that equation).
• For k ∼ 1 the the potential minimum is not accentuated (see figure 2(b) ) the reality conditions maintain b ≥ 4 and the amount of energy necessary to move b to values greater than 2 √ 7 grows exponentially. For b < 3.1199 we have always b min = 4 (from reality conditions) and the energy to take b away from b min also grows exponentially.
So we conclude that for k ≫ 1 is very stable in the sense that the minimum of the potential at b min is very accentuated while for k ∼ 1 and k < 1, perturbations that maintain b in the range [4, 2 √ 7[ do not require much energy (see figure 2: 3 GeV for k = 0.1 to 10 5 GeV for k = 1). For any k perturbations that take b to greater values than b = 2 √ 7 the energy will grow exponentially (∼ e k b π ), in this sence our setup is stable.
Discussion of Results and Outlook
Based on a Randall-Sundrum (type I) gravitational setup together with a bulk and boundary branes Yang-Mills SO(1, N) gauge field sector (compatible with 4-dimensional space-time homogeneity and isotropy), we described a moduli stabilization mechanism. This mechanism is inspired in Goldberger and Wise procedure [5] of stabilization of the size of the internal coordinate (where a scalar field was used).
The mechanism presented in this work is only valid when the Yang-Mills sector is in a strong coupling regime as given by (3.19) . We note that our bound agrees with the result of Dubovski and Rubakov [41] . They concluded that for co-dimension 1, Yang-Mills fields are localized (in the sense that there is no matter leaking into the bulk) in the boundary branes only for strong coupling. The existence of bulk fields does not spoil the localization of the boundary fields, it simply means that the boundary fields do not leak into the bulk.
We obtain that the compactification radius lies in a narrow interval, r c = b ∈ [4, 2 . A full treatment of this issue must be addressed by considering fluctuations around the compactification radius b(t, y) = b min + δb(t, y) as in [49] (see also [50] ). We postpone this calculation to a future work [47] .
As a final remark we also note that we cannot take one of the branes to infinity. Besides taking an infinite amount of energy to achieve it, the allowed boundary conditions are not compatible with that setup (for details see discussion in the last paragraph of subsection 3.1). Then our setup requires a finite extra-dimension, i.e., a Randall-Sundrum scenario of type I.
As future and subsequent directions of research in this topic [47] , we are considering more generic setups (besides the Randall-Sundrum gravitational scenario) and similar to the ones considered in [51] . Moreover, we contemplate similar setups but now in co-dimension 2 and time-dependent ansatze as well. In particular, considering the radion field and further investigate both the stability of the framework and possible cosmological implications.
